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A b s t r a c t  

U s i n g  a v a r i a t i o n a l  p r i n c i p l e ,  a system of equa t ions  i s  de- 

r i v e d  f o r  t h e  theo ry  of  ex tens ion  and bending of e l a s t i c  p l a t e s .  

The equa t ions  t a k e  i n t o  account  t h e  s t r e s s  v a r i a t i o n s  a c r o s s  t h e  

t h i c k n e s s  of  t h e  p l a t e  which depend o n  t h e  c h a r a c t e r i s t i c  dimensions 

a r i s i n g  i n  a given boundary-value problem such a s  t h e  c a v i t y  s i z e ,  

p l a t e  t h i c k n e s s ,  e t c .  The system of equa t ions  a r e  formula ted  i n  

terms of t he  g e n e r a l i z e d  t r a n s v e r s e  d isp lacement  and two o t h e r  func-  

t i o n s  which r e p r e s e n t  t h e  d i s t r i b u t i o n  of t h e  t r a n s v e r s e  s h e a r  s t r e s s -  

e s  i n  t h e  p l ane  of  t h e  p l a t e .  For i l l u s t r a t i o n  purposes ,  t h e  problem 

of t h e  uniform e x t e n s i o n  of an i n f i n i t e  p l a t e  c o n t a i n i n g  a r ec t angu-  

l a r  c r ack  through t h e  t h i c k n e s s  i s  so lved  by a p p l i c a t i o n  o f  i n t e g r a l  

r e p r e s e n t a t i o n s .  Numerical r e su l t s  a r e  d i sp l ayed  g r a p h i c a l l y  and 

impor t an t  d i f f e r e n c e s  a r e  noted between t h e  s o l u t i o n  o f  t h e  p r e s e n t  

t heo ry  and t h a t  ob ta ined  by means of t h e  customary equa t ions  of 

g e n e r a l i z e d  p l ane  s t r e s s .  One of  t h e  s i g n i f i c a n t  and new f e a t u r e s  o f  

t h e  s o l u t i o n  i s  t h a t  t h e  s t r e s s  s t a t e  depends on t h e  p l a t e  t h i c k n e s s  

' T h i s  i n v e s t i g a t i o n  was suppor ted  by t h e  Nat ional  Aeronaut ics  and 
Space Admin i s t r a t ion  under Grant  NGR-39-007-025 w i t h  Lehigh 
U n i  ve r s  i t y  

' A s s i s t a n t  P r o f e s s o r  of Mechanics , Lehigh U n i v e r s i t y ,  Bethlehem, Pa. 

3Profess.or of Mechanics, Lehigh U n i v e r s i t y ,  Bethlehem, Pa. 



t o  crack l e n g t h  r a t i o  a n d  a d imens ion le s s  parameter  c h a r a c t e r i z i n g  

t h e  s t r e s s  d i s t r i b u t i o n  a c r o s s  t h e  t h i c k n e s s .  I t  i s  a p p a r e n t  from 

t h e  p r e s e n t  work  t h a t  t h e  new theo ry  may a l s o  be a p p l i e d  t o  numer- 

ous o t h e r  problems invo lv ing  c a v i t i e s  where t h e  d e v i a t i o n s  from t h e  

r e s u l t s  o f  t h e  c l a s s i c a l  p lane  e x t e n s i o n  and p l a t e  bending t h e o r i e s  

a r e  o f  i n t e r e s t .  

I n t r o d u c t i o n  

S ince  t h e  l i t e r a t u r e  r e l a t i n g  t o  t h e  a n a l y s i s  o f  p l a t e s  has been 

very e x t e n s i v e ,  a d e t a i l e d  e x p o s i t i o n  o f  t h e  s u b j e c t  w o u l d  be i n a p p r o p -  

r i a t e  h e r e .  Within t h e  scope of t h i s  paper ,  however, i t  should  be 

mentioned t h a t  t h e  approximate t h e o r i e s  of t h i n  p l a t e s  a r e  u n r e l i a b l e  

i n  t h e  case  o f  p l a t e s  of c o n s i d e r a b l e  t h i c k n e s s ,  o r  when t h e  p l a t e s  a r e  

weakened by c a v i t i e s  whose dimensions a r e  of t h e  same o r d e r  o f  magn i -  

tude  as  t h e  p l a t e  t h i c k n e s s .  In such c a s e s ,  t h e  s t r e s s  v a r i a t i o n s  i n  

t h e  t h i c k n e s s  d i r e c t i o n  must be accounted f o r  a n d  t h e  problem adopts  

a th ree-d imens iona l  c h a r a c t e r .  An o b v i o u s  r e c o u r s e  i s  t o  t r e a t  t h e  

problem o f  p l a t e s  a s  a th ree-d imens iona l  problem of  e l a s t i c i t y .  The 

s t r e s s  a n a l y s i s  becomes, consequen t ly ,  more involved  a n d ,  up t o  n o w ,  t h e  

problem i s  completely so lved  only  f o r  a few p a r t i c u l a r  c a s e s  [ l ] .  4 

The s t r e s s  d i s t r i b u t i o n  i n  a t h i c k  p l a t e  c o n t a i n i n g  a smooth c i r -  

c u l a r  c a v i t y  has been d i s c u s s e d  by S t e r n b e r g  a n d  Sadowsky [ 2 ] ,  Green 

[3],  and o t h e r s .  On t h e  b a s i s  o f  t h e  R i t z  method, an approximate 

th ree -d imens iona l  s o l u t i o n  was ob ta ined  i n  [ Z ]  by means o f  t h e  s o -  

c a l l e d  ' ' r e s idua l  problem o f  plane  s t r e s s " .  An e x a c t  f o r m u l a t i o n  of t h e  

same problem was p resen ted  by Green [3] u t i l i z i n g  s e r i e s  expansions and 

was so lved  by Alb las  [4]. The i r  w o r k  showed t h a t  t h e  t h i c k n e s s  o f  t h e  
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p l a t e  can e x e r t  a p p r e c i a b l e  i n f l u e n c e  on t h e  s t r e s s  c o n c e n t r a t i o n s  

of  t h e  c i r c u l a r  ho le .  When t h e  pe r iphe ry  of  t h e  c a v i t y  c o n t a i n s  r e -  

e n t r a n t  c o r n e r s  o r  s i n g u l a r  p o i n t s ,  such a s  a s h a r p  c r a c k ,  t h e  problem 

i s  c o n s i d e r a b l y  more d i f f i c u l t  mainly because t h e  convent iona l  math- 

ema t i ca l  t echn iques  a r e  no t  s u i t a b l e  f o r  hand1 i n g  th ree-d imens iona l  

problems w i t h  geometr ic  s i n g u l a r i t i e s .  An a t t e m p t  has been made by 

S i h  e t  a1 [ S I  t o  i n v e s t i g a t e  t h e  t r i a x i a l  c h a r a c t e r i s t i c s  of  t h e  

crack-edge s t r e s s  f i e l d  i n  a t h i c k  p l a t e .  They made use of t h e  Gal- 

e rk in  biharmonic f u n c t i o n s  and found t h e  q u a l i t a t i v e  c h a r a c t e r  of t he  

l o c a l  s t r e s s  f i e l d  i n t e r i o r  t o  t h e  p l a t e .  T h e  n a t u r e  o f  t h e  s t r e s s  

s t a t e  i n  t h e  s u r f a c e  l a y e r ,  where t h e  c rack  p e n e t r a t e s  through t h e  

p l a t e ,  remains unreso lved .  In a n o t h e r  paper  [ S I ,  H a r t r a n f t  and S i h  

confirmed the  r e s u l t s  i n  [ S I  by a more r i g o r o u s  method u s i n g  e igen-  

f u n c t i o n  expans ions .  

The main concern of t h e  p r e s e n t  paper  i s  t o  develop an approxi -  

mate t h e o r y  of p l a t e s  t h a t  can l e a d  t o  an improved q u a n t i t a t i v e  a n a l -  

y s i s  o f  t h e  problem o f  a c rack  i n  an e l a s t i c  p l a t e .  The e a r l i e r  work 

of Will iams [7] and S i h  [8] d e a l t  w i t h  t h e  s t r e s s  a n a l y s i s  o f  t he  

bending of cracked p l a t e s  i n  which t h e  f o u r t h - o r d e r  t h i n  p l a t e  t heo ry  

of Poisson-Kirchhoff  [9] was used. Thus, i t  was i n h e r e n t  i n  t h e  

theo ry  t h a t  t h e  p h y s i c a l l y  n a t u r a l  boundary c o n d i t i o n s  on t h e  edge of 

t h e  c rack  can be s a t i s f i e d  on ly  i n  an approximate manner. Knowles and 

Wang [ l o ]  improved t h e  s i t u a t i o n  by o b t a i n i n g  a s o l u t i o n  t o  t h e  c rack  

problem u s i n g  a R e i s s n e r ' s  s i x t h - o r d e r  t heo ry  [ l l ]  such t h a t  t he  

e f f e c t  o f  t he  t r a n s v e r s e  s h e a r  s t r a i n s  a r e  inc luded .  This permi ts  t h e  

s a t i s f a c t i o n  of t h e  t h r e e  expected boundary c a n d i t i o n s  on t h e  c rack .  

Their  r e s u l t ,  however, a p p l i e s  on ly  t o  t h e  c a s e  of a vanish-  
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i n g l y  t h i n  p l a t e .  A f u r t h e r  re f inement  of t h e  bending problem was 

made by H a r t r a n f t  a n d  Sih [ 1 2 ]  w h o  extended t h e  work  i n  [ l o ]  t o  

account  f o r  v a r i a t i o n s  i n  t h e  p l a t e  t h i c k n e s s .  One o f  t h e  s e r i o u s  

shor tcomings ,  which a r e  common t o  a l l  o f  the  aforementioned t h e o r i e s ,  

i s  t h a t  i n -p l ane  s t r e s s e s  a r e  assumed t o  v a r y  l i n e a r l y  t h r o u g h  t h e  

t h i c k n e s s .  Recent ly ,  Sih [13] has  employed t h e  theo ry  o f  Golden- 

we i se r  [ 1 4 ]  a n d  ob ta ined  t h e  s t r e s s  d i s t r i b u t i o n  a r o u n d  a c rack  i n  

a bent  p l a t e .  In h i s  w o r k ,  t h e  s t r e s s e s  a c r o s s  t h e  p l a t e  t h i c k n e s s  

can be a r b i t r a r i l y  ass igned  i n  accordance w i t h  experimental  ev idence  

a n d  a r e  f u n c t i o n s  o f  t h e  p l a t e  t h i c k n e s s  t o  crack l eng th  r a t i o .  

The most popular  theory  f o r  problems o f  p lane  ex tens ion  i s  t h a t  

o f  g e n e r a l i z e d  p lane  s t r e s s .  Loosely speak ing ,  t h e  approximate 

n a t u r e  o f  t h i s  theory  l i e s  i n  t h e  assumption t h a t  t h e  i n - p l a n e  s t r e s s -  

es  a r e  u n i f o r m  i n  t h e  average sense  t h r o u g h  the t h i c k n e s s  and  t h e  r e -  

maining s t r e s s  components a r e  s u f f i c i e n t l y  small  i n  magnitude so t h a t  

they may be neg lec t ed .  Despi te  t h e  above o v e r s i m p l i f i c a t i o n s ,  t h e  

f o u n d a t i o n  o f  t h e  c u r r e n t  t h e o r i e s  o f  crack ex tens ion  i n  p l a t e s  [15 ]  

r e s t s  b a s i c a l l y  u p o n  t h e  g e n e r a l i z e d  p lane  s t r e s s  s o l u t i o n  o f  I n g l i s  

[16]  w h o  publ i shed  h i s  work  on t he  e l l i p t i c a l  c a v i t y  over  f i f t y  y e a r s  

a g o .  I n  r e a l i t y ,  t h e  s t r e s s  d i s t r i b u t i o n  i n  a cracked p l a t e  o f  f i n -  

i t e  t h i c k n e s s  i s  n e i t h e r  i n  a s t a t e  o f  p lane  s t r a i n  n o r  g e n e r a l i z e d  

p lane  s t r e s s .  Hence, t h e  need f o r  a more r e f i n e d  s o l u t i o n  of t h e  

b a s i c  c rack  problem which accounts  f o r  some o f  t h e  three-d imens iona l  

e f f e c t s  i s  appa ren t .  

The proposed theory  i s  c o n s t r u c t e d  w i t h  t h e  o b j e c t i v e  o f  reduc-  

i n g  t h e  a n a l y t i c a l  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  t h e  th ree -d imens iona l  
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e q u a t i o n s  of e l a s t i c i t y  whi le  t h e  e s s e n t i a l  f e a t u r e s  o f  t h e  t h r e e -  

dimensional  c h a r a c t e r i s t i c s  of t h e  s o l u t i o n  a r e  r e t a i n e d .  T h i s  i s  

guided by t h e  s o l u t i o n  i n  [5 ,6]  from which an unders tanding  of  what 

i s  d i s r e g a r d e d  and what i s  r e t a i n e d  i n  t h e  approximate theory  can 

b e  ga ined .  The method of d e r i v a t i o n  i s  somewhat r e l a t e d  t o  one of 

R e i s s n e r ' s  t h e o r i e s  [17] and t h e  r e s u l t i n g  equa t ions  meet a l l  of t h e  

requi rements  of t h e  three-dimensional  t heo ry  of e l a s t i c i t y  excep t  

f o r  t h e  s t r e s s - d i s p l a c e m e n t  r e l a t i o n s  which a r e  s a t i s f i e d  approxi -  

mate ly .  Depending upon the  evenness and oddness of t h e  f u n c t i o n  

t h a t  d e s c r i b e s  t h e  s t r e s s  d i s t r i b u t i o n  i n  t h e  t h i c k n e s s  d i r e c t i o n ,  

t h e  newly developed theo ry  can be a p p l i e d  t o  problems of e i t h e r  

bending o r  e x t e n s i o n  of p l a t e s .  

As an example, t h e  problem o f  a through crack  i n  an i n f i n i t e  

p l a t e  s t r e t c h e d  uniformly a t  i n f i n i t y  i s  cons ide red .  W i t h  t h e  a i d  

of F o u r i e r  t r a n s f o r m s ,  t h e  boundary c o n d i t i o n s  of t h e  c rack  problem 

l e a d  t o  a s e t  of dual i n t e g r a l  equa t ions  which can i n  t u r n  be reduced 

t o  t h e  s o l u t i o n  of a s i n g l e  Fredholm equa t ion  of  t h e  second k i n d .  

Asymptotic expans ions  of t h e  s t r e s s e s  nea r  t he  e n d  p o i n t s  of t h e  c rack  

a r e  c a r r i e d  o u t  and revea l  t h a t  t h e  q u a l i t a t i v e  c h a r a c t e r  of t h e  s ingu-  

l a r  s o l u t i o n  i n t e r i o r  t o  t h e  p l a t e  c o i n c i d e s  w i t h  t h e  e x a c t  s o l u t i o n  

found i n  [5 ,6] .  The t h i c k n e s s  dependence of t h e  l o c a l  s o l u t i o n  i s  r e -  

f l e c t e d  through a f u n c t i o n  t h a t  can be determined from t h e  p l ane  

s t r a i n  c o n d i t i o n  a s  sugges ted  i n  [5,6].  Although the  s t r e s s e s  i n  a 

l a y e r  c l o s e  t o  t h e  p l a t e  s u r f a c e  a r e  n o t  known, they can be chosen i n  

such a way so t h a t  the  t r a c t i o n  f r e e  c o n d i t i o n  on the  p l a t e  s u r f a c e  

and t h e  c o n d i t i o n  of  c o n t i n u i t y  w i t h  t h e  i n t e r i o r  s o l u t i o n  a r e  s a t i s -  

f i e d .  F i n a l l y ,  t he  r e s u l t s  a r e  compared w i t h  t h o s e  ob ta ined  from t h e  
. -5- 



g e n e r a l i z e d  p l ane  s t r e s s  t heo ry  d i s c u s s e d  i n  connec t ion  w i t h  t h e  

p o s s i b i l i t y  of g e n e r a l i z i n g  t h e  c u r r e n t  t h e o r i e s  of f r a c t u r e  t o  i n -  

c lude  t h e  e f f e c t  of p l a t e  t h i c k n e s s .  

The E q u i l i b r i u m  -- of an E l a s t i c  P l a t e  

Consider  t h e  e q u i l i b r i u m  o f  a homogeneous, i s o t r o p i c ,  e l a s -  

t i c  p l a t e ,  i . e . ,  of an e l a s t i c  medium bounded by two p a r a l l e l  p l a n e s .  

The medium occupies  t h e  reg ion  l z l < h / 2  and t h e  middle s u r f a c e  o f  t he  

p l a t e  c o i n c i d e s  w i t h  t he  xy-plane a s  shown i n  F i g .  1 .  The p l a t e  i s  

s u b j e c t e d  t o  c e r t a i n  load  c o n d i t i o n s  a t  i n f i n i t y ,  l e a v i n g  t h e  f a c e s  

of t h e  p l a t e  a t  z = - + h / 2  f r e e  of t r a c t i o n s ,  i . e . ,  

- - T = o  f o r  z = - + h / 2  xz  Y Z  
C T =  T Z 

Without undue compl i ca t ion ,  t h e  load ings  a r e  assumed t o  be 

symmetric about  t h e  xy-plane so  t h a t  on ly  e x t e n s i o n a l  deformat i  n 

i s  produced w i t h  no bending. T h e  bending problem fo l lows  i n  t he  

same way simply by t a k i n g  t h e  loads  t o  be skew-symmetric w i t h  r es -  

p e c t  t o  t h e  mid-plane of t h e  p l a t e .  In o r d e r  t o  reduce t h e  t h r e e -  

dimensional problem t o  manageable p r o p o r t i o n s ,  t he  f o l l o w i n g  form of  

s t r e s s  s t a t e  i s  assumed: 

T ] = - ii 2 f ' ( 2 z / h ) [ Z x ,  Z y ]  bxz' Y Z  

(T Z = f ( 2 z / h ) Z z  

, Z x y  Z and Z, d e p e n d  on x and y Sy' Txy Y 
i n  which t h e  f u n c t i o n s  S x y  

only and t h e  f u n c t i o n  f ,  which i s  t o  be determined subkequen t ly ,  

-6- 



depends on  z o n l y .  I n s e r t i n g  eqs .  ( 2 )  i n t o  t h e  s t r e s s  equat ions  of 

e q u i l i b r i u m  y i e l d s  

a T  aS  
- + xy -%+A - 

z x  - ax a Y  ’ zY a x  a Y  

a Z  a Z  
= X + Y  

‘z ax  a Y  

The d i f f e r e n t i a l  equa t ions  a n d  b o u n d a r y  c o n d i t i o n s  of t h e  

, e t c .  can be b e s t  d e t e r -  
sY 

t heo ry  i n  terms of t h e  f u n c t i o n s  S x ,  

mined by r e q u i r i n g  t h e  complementary energy of t h e  system t o  be as  

small  as i s  p o s s i b l e  with t h e  admi t ted  e q u i l i b r i u m  s t a t e  of s t r e s s  

i n  eqs .  ( 2 ) .  This enab le s  t h e  r educ t ion  of t h e  three-d imens iona l  

equa t ions  of e l a s t i c i t y  t o  a system of equa t ions  invo lv ing  only two 

v a r i a b l e s ,  namely x a n d  y .  The mode of s t r e s s  d i s t r i b u t i o n  i n  t h e  

z - d i r e c t i o n  as  governed by t h e  f u n c t i o n  f w i l l  be found s e p a r a t e l y  

with t h e  c o n d i t i o n  t h a t  

= o  (4) 

which cor responds  t o  s a t i s f y i n g  t h e  f r e e - s u r f a c e  requirements  

s t a t e d  i n  eq.  ( 1 ) .  

App l i ca t ion  -- of t h e  Calcu lus  - of V a r i a t i o n s  

The a p p l i c a t i o n  of t h e  minimum energy p r i n c i p l e  f o r  d e r i v i n g  

equa t ions  in  t h e  theory  of p l a t e s  o r  s h e l l s  has been well explored  

i n  t h e  p a s t .  T h u s ,  only a b r i e f  s t a t e m e n t  of t h e  p r i n c i p l e  w i l l  

be made a n d  most of t h e  mathematical  d e t a i l s  l e a d i n g  u p  t o  t h e  g o v -  

e r n i n g  d i f f e r e n t i a l  equa t ions  w i l l  be omi t t ed .  

The p r i n c i p l e  of minimum complementary energy s t a t e s  t h a t ,  among 

a l l  p o s s i b l e  s t a t e s  of s t r e s s  which s a t i s f y  e q u i l i b r i u m  i n  t h e  i n -  

-7- 



t e r i o r  o f  t h e  body a n d  t h e  p r e s c r i b e d  s u r f a c e  t r a c t i o n s ,  t h e  a c t u a l  

s t a t e  of  s t r e s s  makes II a m i n i m u m .  Here, II s t a n d s  f o r  t h e  comple- 

mentary energy 

where E i s  Young’s  modulus a n d  v i s  P o i s s o n ’ s  r a t i o .  In eq .  (5), 

V i s  t h e  volume occupied by t h e  e l a s t i c  body a n d  S1 i s  t h e  p o r t i o n  

o f  t h e  s u r f a c e  o f  V on which t h e  d isp lacements  un,  Us a n d  gz a r e  

p r e s c r i b e d .  The d isp lacement  components un a n d  us a r e  de f ined  i n  

t h e  d i r e c t i o n s  normal a n d  t a n g e n t i a l  t o  S a n d  uz i s  t h e  d i s p l a c e -  

ment component i n  t h e  d i r e c t i o n  p e r p e n d i c u l a r  t o  t h e  p l a t e .  

- 

According t o  t h e  m i n i m u m  p r i n c i p l e ,  t h e  v a r i a t i o n  o f  II i n  eq .  

( 5 )  i s  made equal t o  zero  i n  such a way t h a t  t h e  c o n s t r a i n t s  shown 

by eqs .  ( 3 )  remain s a t i s f i e d .  To t h i s  end,  t h e  Lagrange m u l t i p l i e r s  

a n d  u z  a r e  i n t roduced  a n d  t h e  d e s i r e d  v a r i a t i o n  becomes u u x ’  y 

a S  a T  
6{n-JJ [ u X ( z x  - - XY a Y  

R 

3T a S  a Z  
a Y  

- A ) ] d x d y }  = 0 + u  ( z  - - #) + u z ( z z  - ax 
Y Y a x  
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where R r e p r e s e n t s  t h e  a r e a  of t h e  p l a t e .  Making use of t h e  

s t r e s s e s  i n  eqs .  ( 2 )  and c a r r y i n g  o u t  t h e  i n t e g r a t i o n  by p a r t s ,  

i t  can be shown t h a t  

+[&T7-m 1 ( s  y - u s x  + vct2zz)]6sy 

2 a u  +[- a u X  + 2 
aY ax - (~-Y)D Txy16Txy 

[ (1-v2)D u, - C X ~ ( B ~ + ~ ) Z  + v a 2 ( S X + S  )]6Zz)dxdy +(1-v2)D Z Y 

- - - -1 [ ( u n - u n ) 6 S n  + ( u s - u s ) 6 T n s  + ( u z - u z ) 6 Z n ] d S  = 0 

L1 

and L 1  i s  t h a t  p a r t  o f  t h e  boundary on which t h e  s u r f a c e  t r a c t i o n s  

a r e  no t  p r e s c r i b e d .  The parameters  a , ~  and D a r e  de f ined  a s  

i n  which I1  and I 2  s t a n d  f o r  
1 1 

w i t h  r; b e i n g  t h e  normalized t h i c k n e s s  c o o r d i n a t e  2z/h.  T h e  gene ra l -  

i z e d  d i sp lacemen t s  u x 3  u Y ,  u, i n  eq .  ( 6 )  a r e  weighted averages  o f  

t h e  d i sp lacemen t  components U,, U, through the  t h i c k n e s s  and 
uY 

-9- 



they a r e  given by 
1 

- I  

1 
U Z ( X Y Y )  = - 1 f ' ( d U Z ( X ¶ Y ¶ +  h d <  

-1 

Without l o s s  i n  g e n e r a l i t y ,  the  cho ice  

j l [ f " ( i ) l z d <  = 3 1 2  
-1 

has been made a r b i t r a r i l y  f o r  t h e  sake  of convenience.  E q s .  ( 7 )  

p rovide  t h e  d i f f e r e n t i a l  e q u a t i o n s  of  t he  t h e o r y  and a l s o  the 

n a t u r a l  boundary c o n d i t i o n s  of t h e  problem, which a l l o w ,  u n d e r  t h e  

assumptions made, e i t h e r  s t r e s s  o r  d i sp lacement  t o  b e  s p e c i f i e d , i  . e .  

o r  

- - - - 
us - us  Tns - Tns o r  on L 

- z n  = z n  o r  

Refe r r ing  t o  F i g .  1 i n  which 4 i s  used t o  deno te  t h e  a n g l e  between 

t h e  x-ax is  and the  normal d i r e c t i o n ,  t h e  r e l a t i o n s h i p s  

Sncos+ - T n s s i n +  = Sxcos+ + T s in4  
X Y  

* -10- 



S n s i n +  + Tnscos@ = T cos4 + S s i n +  
XY Y 

Z n  = Zxcos4 + Z sin4 
Y 

and 

= -  u x s i n +  + u cos+  ( 1 2 )  Y u n  = uxcos4 + u s i n +  , Y 

can be e a s i l y  e s t a b l i s h e d  f r o m  t h e  t r a n s f o r m a t i o n  p r o p e r t i e s  o f  t h e  

s t r e s s  t e n s o r  and d isp lacement  v e c t o r .  

Now, s i n c e  t h e  v a r i a t i o n s  o f  t h e  s i x  q u a n t i t i e s  Sx,  Sy, e t c .  

i n  t h e  double i n t e g r a l  o f  eq.  ( 6 )  a r e  independent  a n d  a r b i t r a r y ,  

t h e r e  r e s u l t s  a system o f  s i x  equa t ions  which when coupled with t h e  

t h r e e  e q u a t i o n s  o f  e q u i l i b r i u m  i n  eqs .  ( 3 )  determine  t h e  n ine  u n -  

knowns u x y  u 

t i o n s  may be r e -a r r anged  t o  f o r m  a system of  t h r e e  s imul taneous  

e q u a t i o n s  i n  t h e  u n k n o w n  u z ,  Z x  and- Z 

u z ,  S,, S y ,  e t c .  A f t e r  some a l g e b r a ,  t h e s e  equa- 
Y '  

as  given by 
Y 

+ u z = o  . 4 [ 1 + B 2 / ( l - v 2 ) ]  v 4 u z  - 2.2v2u Z 

zy - , 2 v 2 z y  = -$- 1 ay a N  

p rovided  t h a t  
a Z  a 4 ( l + B 2 ~ 2 ) ( c  a Z X  + $) = ( l - v ) D [ ( l - v ) u z  + v a 2 v 2 u z ]  

and 

where 

1 - v  
1 + v  

K 2  = - 
-11- 



The symbol v 2  denotes  t he  Laplac ian  o p e r a t o r  i n  x and y .  T h e  r e -  

maining s i x  unknowns can then be found d i r e c t l y  from u z ,  Z x  and 

Z y ,  i . e . ,  

2 a 2  a u Z  2 a 2  u = - -  ay + (l-v)~ 'y 
- - - -  

u X  a x  + m ' z x s  y 

and 

a Z  
a 2 u z  + a+--- a Z X  + $1 = - D(1-v) - 

X Y  axay a_v 
a Z  a Z  - - X + Y  

'z a x  a Y  

In some ways, t h e  newly developed equa t ions  ( 1 3 ) ,  (15 )  and ( 1 6 )  

resemble those  found by Reissner [ l l ]  f o r  t h e  bending of e l a s t i c  

p l a t e s  and they  a r e  cons ide red  t o  be an improvement o v e r  t h e  equa- 

t i o n s  of g e n e r a l i z e d  p l ane  s t r e s s .  S i m i l a r  e x p r e s s i o n s  i n  terms of  

c i r c u l a r  o r  e l l i p t i c a l  c o o r d i n a t e s  can a l s o  b e  w r i t t e n  down w h i c h  

w i l l  be more s u i t e d  f o r  s tudy ing  t h e  s t r e s s  c o n c e n t r a t i o n  around c i r -  

c u l a r  o r  e l l i p t i c a l  c a v i t i e s .  

- A P r e s s u r i z e d  Rectangular  Crack 

Let a p l a t e  of t h i c k n e s s  h be c u t  a long  t h e  x -ax i s  from x = -a 

t o  x = a r e s u l t i n g  i n  a r e c t a n g u l a r  c rack  through t h e  thickness  a s  

i l l u s t r a t e d  i n  F i g .  2 .  T h e  s u r f a c e s  of t he  c rack  a r e  p r e s s u r i z e d  such 

t h a t  t h e  p l a t e  i s  s t r e t c h e d  symmetr ica l ly  about  t h e  xz-and y z - p l a n e s .  

T h u s ,  i t  i s  s u f f i c i e n t  t o  fo rmula t e  t h e  problem f o r  t he  q u a r t e r  p l a n e  

x > 0 and y > 0 s u b j e c t e d  t o  t h e  m i x e d  boundary c o n d i t i o n s  on t h e  

* -12- 



edge y = 0 :  

u x ( x , O )  = 0, x>a 

S y ( x , O )  = - SoP(x) ,  x < a  

and 

T x y ( x , O )  = Z y ( x , O )  = 0 f o r  a l l  x (18 )  

S ince  t h e  domain u n d e r  c o n s i d e r a t i o n  i s  unbounded, eqs .  (17)  and (18)  

need t o  be supplemented by t h e  r e g u l a r i t y  c o n d i t i o n  t h a t  t h e  d i s p l a c e -  

ments and s t r e s s e s  a r e  f i n i t e  a s  (x,y)-. 

The method of i n t e g r a l  t r ans fo rms  w i l l  now be used t o  s o l v e  eqs.  

( 1 3 ) .  O m i t t i n g  t he  d e t a i l s ,  t h e  d isp lacements  i n  t he  t ransformed do- 

main a r e ,  where s i s  t h e  t r ans fo rm v a r i a b l e ,  

S (1  - v )  D u x  = 2 (1 - v ) a 4 ~ m s  3 A (  s ) exp (-msy ) 

( l - v ) D u c  = 2 (  1-v )a46s3A(s )  exp(  - m y )  
Y 

- a 2 s A ( s )  Im[(l+iBK)q exp( -psy ) ]  

( 1 - v ) D u :  = a2A(s )  Im[( l - iBK)(q/p)  e x p ( - p s y ) ]  

which a r e  c o n s i s t e n t  w i t h  t h e  r e g u l a r i t y  requi rement  a t  i n f i n i t y  and 

t h e  boundary c o n d i t i o n s  of eqs .  ( 1 8 ) .  T h e  t r ans fo rms  of t h e  q u a n t i -  

t i e s  d e s c r i b i n g  t h e  v a r i a t i o n  of t h e  i n - p l a n e  s t r e s s e s  a s  a f u n c t i o n  

of  x and y a r e  

s X  = i ( l - v ) a 4 ~ m s 4 A ( s )  exp(-msy) 

-1 3-  



-A(s)  Im{[- v B  + ( l + i ~ K ) a 2 s 2 l ( q / p )  e x p ( - p s y ) j  
6 - i  J F 7  

= - 2 ( 1 - v ) a 4 8 m s 4 A ( s )  e x p ( - m s y )  SF 

TX; = - ( 1 - v ) a 2 g s 2 ( 1 + 2 a 2 s 2 )  A ( s )  e x p ( - m s y )  

Z z  may b e  w r i t t e n  a s  
zY 

a n d  t h e  t r a n s f o r m  e x p r e s s i o n s  o f  Z x y  

Z x  = ( 1 - v ) a 2 g m s 3  A ( s )  e x p ( - m s y )  
S 

C 
Zy = ( l - v ) a 2 ~ s 3  A ( s )  e x p ( - m s y )  

T h e  a u x i l i a r y  q u a n t i t i e s  m y  p a n d  q a p p e a r i n g  i n  e q s =  ( 1 9 )  t o  ( 2 1 )  

a r e  d e f i n e d  by 

- 2  
m2 =  as) q = J K 7  [ I + ( l + i ~ ~ ) a ~ s ~ ]  

where 



The f o r e g o i n g  e x p r e s s i o n s  a r e  de r ived  on t h e  b a s i s  t h a t  6 is r e a l  

a n d  hence the i n e q u a l i t y  

must h o l d .  T h i s  r e s t r i c t i o n  i n  no way a f f e c t s  t h e  fundamental char -  

a c t e r  o f  t h e  s o l u t i o n .  The s u p e r s c r i p t s  s a n d  c i n  eqs .  ( 1 9 )  t o  

( 2 1 )  a r e  used t o  i d e n t i f y  t h e  s i n e  and c o s i n e  t ranform o f  a g i v e n  

f u n c t i o n .  The a p p r o p r i a t e  i n v e r s e  transforms o f  t h e  d isp lacements  

a n d  s t r e s s e s  f o l l o w  immediately f rom t h e  i n v e r s i o n  theorem a s  

m 

u x ( x , y )  = f 1 u: ( s , y )  s i n ( s x ) d s  
0 

03 

u y ( x , y )  = f 1 u c  ( s , y )  c o s ( s x ) d s  
Y 

0 

e t c .  which c o n s t i t u t e  t h e  complete s o l u t i o n  t o  t h e  problem once t h e  

u n k n o w n  A(s) i s  f o u n d .  

There remains t h e  s a t i s f a c t i o n  of  eqs .  ( 1 7 )  which render  t h e  

d u a l  i n t e g r a l  equa t ions  

m 1 s A ( s )  c o s ( s x ) d s  = o  , x > a  
0 

m 

s 2 f ( s )  ~ ( s )  c o s ( s x ) d s  = - p ( x ) ,  x<a 
0 

f o r  t h e  de t e rmina t ion  o f  A(s)  a s  f ( s )  i s  a known f u n c t i o n  given by 

-1 5 -  



A procedure f o r  s o l v i n g  dual i n t e g r a l  e q u a t i o n s  of  t h e  type  shown i n  

eqs. (23) has a l r e a d y  been  thoroughly  d i s c u s s e d  i n  [ l Z ]  and t h u s  on ly  

t h e  e s s e n t i a l  s t e p s  w i l l  be  o u t l i n e d  merely t o  preserve t h e  con t inu -  

i t y  of  t h e  a n a l y s i s .  

W i t h  t h e  aim o f  r educ ing  t h e  problem t o  a s t a n d a r d  i n t e g r a l  

e q u a t i o n ,  a new f u n c t i o n  
Q1 

'1 w(x) = -7 S A ( S )  c o s ( s x ) d s  
0 

i s  in t roduced .  Upon a p p l i c a t i o n  of  t h e  F o u r i e r  i n v e r s i o n  theorem 

and the  f i r s t  of  eqs. ( Z l ) ,  i t  i s  no t  d i f f i c u l t  t o  a r r i v e  a t  t he  re- 

sul t 

a 
s A ( s )  = - A/ w(x)cos(sx)dx  

a2B 0 

The s t r u c t u r e  of  the  f u n c t i o n  w(x) i s  determined by t he  s i n g u l a r i -  

t i e s  i n h e r e n t  i n  the  phys ica l  problem. F o r  t he  p r e s e n t  c a s e ,  t h e  

r e p r e s e n t a t i o n  
a 

where w ( x )  = 0 f o r  x>a i s  admi t ted .  T h e  f u n c t i o n  $ i s  t o  be de f ined  

on t h e  i n t e r v a l  [O,a] and i s  p e r m i t t e d  t o  depend on the  parameters  

CX, B ,  v, e t c .  E l imina t ing  w ( x )  between eqs. ( 2 6 )  and ( 2 7 )  y i e l d s  
a 

S A W  = - AJ IJW J o ( s t )  t d t  
0 

where Jo  i s  the ze ro -o rde r  Bessel f u n c t i o n  o f  t h e  f i r s t  k i n d .  

i n g  eq. (28) i n t o  the  second o f  eqs. (23) g i v e s  

I n s e r t -  



a 
l W s f ( s )  C O S ( S X )  d s  1 + ( t )  J o ( s t )  t d t  = S o P ( x ) ,  x < a  ( 2 9 )  
0 0 

F u r t h e r ,  by l e t t i n g  

such t h a t  g ( s )  = O ( S - ~ )  as s-, eq.  ( 2 9 )  can be p u t  i n t o  a s t anda rd  

Fredholm i n t e g r a l  equa t ion  o f  the second k ind:  

i n  which t h e  kerne l  

i s  symmetric with r e s p e c t  t o  t h e  d imens ionless  v a r i a b l e s  5 a n d  n , 

which a r e  normalized a g a i n s t  t h e  h a l f  crack l eng th  a .  The u n k n o w n  

@ i n  eq.  ( 3 0 )  i s  r e l a t e d  t o  + by 

In connec t ion  with t h e  numerical s o l u t i o n  of eq .  ( 3 0 ) ,  i t  i s  de- 

s i r a b l e  t o  f u r t h e r  s e t  

where 

1 ( 1 - v 2  ) + ( 2- v+3v2 ) 82+ ( 1 +v ) -  B 4  
c = z  ( l+BL) ( l -uL+@L)  

-17- 



n .I 

such t h a t  eq.  ( 3 1 )  becomes 

with I o  a n d  KO being t h e  ze ro -o rde r  modif ied Bessel f u n c t i o n s  of t h e  

f i r s t  a n d  second kind.  The advantage of t h i s  a l t e r n a t i v e  e x p r e s s i o n  

of  F as  compared t o  eq.  ( 3 1 )  i s  appa ren t  from 

h ( s )  = O b m 5 )  as  s+m 

F i n a l l y ,  r e t u r n i n g  t o  t h e  s o l u t i o n  of t h e  o r i g i n a l  s e t  of  dual 

i n t e g r a l  e q u a t i o n s ,  A(s)  t a k e s  t h e  form 

where J 1  i s  t h e  f i r s t - o r d e r  Bessel f u n c t i o n  of t h e  f i r s t  k ind .  

( 3 4 )  may be p u t  i n t o  eqs .  ( 1 9 )  t o  ( 2 1 )  f o r  o b t a i n i n g  t h e  n ine  unknowns 

E q .  

u e t c .  from which t h e  d i sp lacemen t s  and s t r e s s e s  a t  every  p o i n t  u x )  y ’  
i n  t h e  p l a t e  may be c a l c u l a t e d  once @ i s  e v a l u a t e d  from t h e  Fredholm 

i n t e g r a l  e q u a t i o n  and t h e  f u n c t i o n  f ( 2 z / h )  i s  de te rmined .  

. -18- 







S t r e s s  V a r i a t i o n  Across P l a t e  Thickness 

Before e n t e r i n g  t h e  d i s c u s s i o n  o f  numerical  r e s u l t s ,  i t  i s  

necessa ry  t o  f i n d  t h e  s t r e s s  v a r i a t i o n  i n  t he  z - d i r e c t i o n  o r  t h e  

f u n c t i o n  f ( s ) .  A p o s s i b l e  way of de te rmining  f ( r ) i s  t o  r e q u i r e  

t h a t  t h e  l o c a l  s t r e s s  f i e l d  i n t e r i o r  t o  t h e  p l a t e  be i n  a s t a t e  of 

p l ane  s t r a i n  a s  d i c t a t e d  by t h e  e x a c t  a n a l y s i s  i n  [5 ,6] .  T h u s ,  by 

p u t t i n g  t he  a p p r o p r i a t e  s t r e s s  components from eqs .  ( 3 6 )  i n t o  t h e  

c o n d i t i o n  

0 z = v ( r r x + o y )  ( 3 8 )  

t h e r e  r e s u l t s  t h e  harmonic equa t ion  

h 2  f ( d  = 0 ,  151<1-E ( 3 9 )  f " ( ~ )  + 4a2(1+B2)  

whose s o l u t i o n  i s  

s i n c e  f ( s )  must be even i n  < f o r  t h e  p l ane  ex tens ion  problem. 

In t h e  above e x p r e s s i o n ,  B i s  a c o n s t a n t  and t h e  q u a n t i t y  h / 2 m m  

i n  t h e  argument of  t h e  c o s i n e  f u n c t i o n  can be r e l a t e d  t o  f ( s )  a s  

h 
2 a W  

Combining e q s .  ( 4 0 )  and ( 4 1 ) ,  i t  i s  seen t h a t , f ( c )  cannot  be d e t e r -  

m i n e d  comple te ly  a n d  i s  v a l i d  on ly  f o r  l s l < l - E ,  where E h / 2  i s  used t o  

denote  t h e  t h i c k n e s s  o f  t h e  boundary l a y e r  c l o s e  t o  t h e  p l a t e  s u r f a c e  

w i t h i n  which t h e  p l a n e  s t r a i n  c o n d i t i o n  i s  n o t  s a t i s f i e d .  T h i s  l a y e r  

i s  in t roduced  w i t h  the  i n t e n t  o f  emphasizing t h a t  t h e  s t r e s s  s o l u t i o n  
-21 - 



o n  t h e  s u r f a c e  l a y e r  o f  t h e  p l a t e  i s  n o t  determined by t h e  p r e s e n t  

t heo ry .  The f u n c t i o n  f ( < )  f o r  ( l - E ) < 1 < 1 < 1 ,  however, can be con- 

s t r u c t e d  a r b i t r a r i l y  with t h e  requi rement  t h a t  f ( < )  a n d  i t s  f i r s t  

a n d  second d e r i v a t i v e s  a r e  cont inuous  a t  = l - ~  a n d  t h a t  t h e  f r e e -  

s u r f a c e  c o n d i t i o n s  f ( + l )  - = f ' ( t 1 )  = 0 a r e  s a t i s f i e d .  

A l t h o u g h  t h e  de t e rmina t ion  o f  f ( < )  invo lves  a c o n s i d e r a b l e  a m o u n t  

o f  a l g e b r a ,  i t  can be c a l c u l a t e d  numer ica l ly  w i t h o u t  d i f f i c u l t y .  A 

t y p i c a l  s e t  o f  curves  showing t h e  v a r i a t i o n s  o f  t h e  i n - p l a n e  s t r e s s e s  

T ; t h e  t r a n s v e r s e  s h e a r  s t r e s s e s  - c X z ,  T * and t h e  t r a n s v e r s e  
YZ' 

a x '  y '  xy a 

normal s t r e s s  az  t h r o u g h  t h e  p l a t e  t h i c k n e s s  i s  i l l u s t r a t e d  i n  F ig .3 .  

The f u n c t i o n  f ( 5 ) d e p i c t e d  i n  F i g .  3 gives  n e a r l y  c o n s t a n t  va lues  o f  

t h e  i n - p l a n e  s t r e s s e s  a long  t h e  z - a x i s ,  d e v i a t i n g  f r o m  t h e  c o n s t a n t  

only i n  a l a y e r  o f  t h i c k n e s s  E h / 2  measured from t h e  p l a t e  s u r f a c e .  

cs a n d  T r i s e  r a p i d l y  a n d  change from com- W i t h i n  t h i s  l a y e r ,  a x ,  

p r e s s i o n  on t h e  p l a t e  s u r f a c e  t o  t e n s i o n  i n  t h e  i n t e r i o r  r eg ion  o f  t h e  

p l a t e .  The t r a n s v e r s e  normal s t r e s s  i s  compressive o w i n g  t o  c o n t r a c t i o n  

i n  t h e  t h i c k n e s s  d i r e c t i o n  caused by t h e  s t r e t c h i n g  l o a d .  Curves of 

d i f f e r e n t  shapes may be d r a w n  f o r  va r ious  va lues  o f  B ranging  f rom 0 

t o  -. Once B (which i s  i n v e r s e l y  r e l a t e d  t o  E )  cor responding  ' t o  c e r -  

t a i n  z - d i s t r i b u t i o n  of t h e  s t r e s s e s  i s  found,  t h e  Fredholm i n t e g r a l  

equa t ion  i n  eq.  ( 3 0 )  may be so lved  f o r  a .  T h i s ,  i n  t u r n ,  de te rmines  

Y XY 

t h e  v a r i a t i o n s  o f  t h e  i n t e n s i t y  of t h e  three-d imens iona l  s t r e s s  f i e l d  

with t h e  d imens ionless  parameter  a / a  which i s  r e l a t e d  t o  the  p l a t e  

t h i c k n e s s .  
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Discuss ion  - of Numerical R e s u l t s  

The r e q u i s i t e  numerical  r e s u l t s  a r e  o b t a i n e d  by s o l v i n g  t h e  

i n t e g r a l  e q u a t i o n  ( 3 0 )  f o r  Q, on t h e  computer.  These computat ions 

a r e  c a r r i e d  o u t  f o r  a P o i s s o n ' s  r a t i o  I, = 0.30 and v a r i o u s  B -  

v a l u e s ;  t h e  co r re spond ing  r e s u l t s  a r e  summarized g r a p h i c a l l y .  

In F i g .  4 ,  t h e  normalized s t r e s s - i n t e n s i t y  f a c t o r  k l  i n  eq .  

( 3 7 )  i s  p l o t t e d  a s  a f u n c t i o n  of a l a  f o r  f i v e  t y p i c a l  va lues  o f  B 

i n  t he  i n t e r v a l  from z e r o  t o  i n f i n i t y .  Each va lue  of B r e f e r s  t o  

a p a r t i c u l a r  s e t  of cu rves  f o r  t h e  s t r e s s  d i s t r i b u t i o n  a c r o s s  t h e  

p l a t e  t h i c k n e s s  as  i n  F i g .  3. In g e n e r a l ,  a s  a l a  d e p a r t s  from z e r o ,  

a l l  t h e  cu rves  i n c r e a s e  i n  magnitude very s h a r p l y  a t  t h e  beginning  

and then  l e v e l  o f f  s t e a d i l y  a s  a / a  c o n t i n u e s  t o  g r o w .  Notice  t h a t  

f o r  small  v a l u e s  of a / a  o r  t h i n  p l a t e s ,  a s i g n i f i c a n t  change i n  t h e  

k l - f a c t o r  may be observed f o r  a s l i g h t  v a r i a t i o n  of t h e  t h i c k n e s s  

E h / 2  o f  t h e  boundary l a y e r  through the  parameter  B .  

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  cu rve  f o r  B = m ,  which co r -  

r e s p o n d s  t o  a v a n i s h i n g l y  small  boundary l a y e r  t h i c k n e s s  E + 0 ,  

d i f f e r s  f rom a l l  t h e  others  i n  t h a t  i t  has a non-zero l i m i t  a t  a / a  

= 0 .  T h i s  l i m i t  can be v e r i f i e d  a n a l y t i c a l l y  f o r  when B -+ 0 ,  

1 p I +l ,u+O , and hence 

g ( S )  +- 4 ~ ( 1 + a ~ s ~ ) - l  

From t h e  above r e s u l t  w i t h  a = O ,  t h e  kerne l  F ( ~ , T - I )  i n  eq .  (31)  sim- 

p l i f i e s  t o  

F ( c , r l )  = ( 4 K - 7 )  a(s-17) 

where 6 i s  t h e  Dirac  d e l t a  g e n e r a l i z e d  f u n c t i o n .  I t  f o l l o w s  i m -  

med ia t e ly  t h a t  
4 K  @ ( c )  = 6 
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o r  

f o r  

I t  should  be emphasized t h a t  a l though t h e  p r e s e n t  r e s u l t s  a r e  

cons idered  t o  be a re f inement  o v e r  t h o s e  of g e n e r a l i z e d  p l ane  s t r e s s  

they  remain an approximation t o  t h e  three-d imens iona l  problems. In 

a d d i t i o n ,  t h e  theo ry  n e g l e c t s  t h e  e f f e c t  of p l a s t i c  f low nea r  t h e  

c rack  f r o n t .  Hence, experimental  v e r i f i c a t i o n  of t he  theo ry  can only  

be c a r r i e d  o u t  f o r  b r i t t l e  m a t e r i a l s .  
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Figure Capt ions 

F igure  1 - Geometry of a F l a t  P l a t e .  

F igure  2 - P o l a r  Coordina tes  Around a Rectangular  Crack In an 

F igure  3 - Stress  V a r i a t i o n s  Across the  P l a t e  Thickness .  

I n f i n i t e  P l a t e .  

F igure  4 - Dimensionless S t r e s s - I n t e n s i t y  Fac to r  ve r sus  
Normalized P l a t e  Thickness .  
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Figure  3 - S t r e s s  V a r i a t i o n s  Across t h e  P l a t e  Thickness 
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